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de Sitter—holographic C functions with a topological, dilatonic twist
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Recently, the holographic aspects of asymptotically de Sitter spacetimes have generated substantial literary
interest. The plot continues in this paper, as we investigate a certain class of dilatonically deformed “topo-
logical” de Sitter solutiondwhich were introduced by R. Cai, Y. Myung, and Y. Zhang, Phys. Re®5D
084019(2002]. Although such solutions possess a detrimental cosmological singularity, their interpretation
from a holographic perspective remains somewhat unclear. The current focus is on the associated generalized
C functions, which are shown to maintain their usual monotonicity properties in spite of this exotic framework.
These findings suggest that such topological solutions may still play a role in our understanding of quantum
gravity with a positive cosmological constant.
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[. INTRODUCTION exceeds that of pure dS space will contain a naked cosmo-
logical singularity.

There is considerable observational evidence that the For the sake of argument, let us accept the conjectured
physical universe has a positivalbeit, disturbingly small mass bound as being a true property of asymptotically dS
cosmological constaritl]. This observation is at least par- spacetimesas recent analysis does seem to supf&8}). In
tially responsible for the recent flurry of investigations into this case, from a bulk viewpoint, the implications are quite
asymptotically de Sitter spacetimes. In particular, the variousevere; a violation of this bound results in a type of singu-
holographic aspects of de SittédS space have garnered larity that is considered to b&on gratain most cosmological
much attention(See Ref[2] for a list of relevant citations. models. On the other hand, from a holographic perspective,
Also see Refs[3—-13] for more recent work. the implications are somewhat murkier. As pointed out by

The focal point of dS-based holography has been a conchezelbash and Mani27], for a hypothetical observer lo-
jectured duality between asymptotically dS spacetimes andated on an asymptotic spacelike boundasy., a “CFT ob-
conformal field theorie§CFT9 [14]. This dS-CFT duality server”), any such singularity will remain causally hidden
can be viewed as an analogy to the celebrated anti—de Sitteehind the cosmological horizon. That is to say, any quantity
(AdS)-CFT correspondencgl5-17 (which, in turn, is an measured by this observer depends only on the boundary
explicit realization of the renowned holographic principle theory; in fact, the observer need not be aware that an inte-
[18,19). The CFT in a dS-inspired duality, just like its AdS rior region even exists. To reword this in a philosophical
analog, lives on an asymptotic boundary of the bulk spacesense, what exactly constitutes the “true physical” picture:
time. However, contrary to the AdS case, the dS boundary ithe boundary theory or the bullor both or neither?
spacelike(located at temporal infinijyand the dual CFT is Given the stated ambiguity, one might argue that bound-
necessarily a Euclidean one. These distinctions can be attrilviolating asymptotically dS solutions should not be dis-
uted to the absence of both a globally timelike Killing vector misseda priori. Such solutions have been explicitly formu-
and a spatial infinity in asymptotically dS spacetini28g]. lated in a paper by Cai, Myung, and Zhaf&p] (with their

The various investigations into dS holography have, oforiginal motivation being to test the mass-bound conjegture
course, lead to many interesting deductions and observation®ne of these so-called “topological” de Sitt€fdS) solu-

At the forefront of these is Bousso’s realization of an en-tions can effectively be obtained with a sign revergalthe
tropic upper bound21]. More specifically, the entropy of mass term of a more conventional Schwarzschild-dS solu-
pure dS space serves as an upper bound on the total entroppgn. As a consequence, the black hole horizon disappears,
that can be stored in any spacetime with a positive cosmdeaving behind a naked singularity enclosed by the usual
logical constant. With guidance from the “Bousso bound,” cosmological horizoA.Furthermore, it can readily be con-
Balasubramanian, de Boer and MiffgdBM) [23] have pro-  firmed that, for any TdS solution, the conserved méss
posed a similar upper limit on the total mass of an asympaccordance with the definition of R¢R3]) does indeed ex-
totically dS spacetime. In particular, these authors have coreeed that of its purely dS counterpart.
jectured that any such spacetime whose conserved?mass Since the original presentation by Cai al. [26], some
subsequent papers have considered the implications of a pos-
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!Note that the validity of the Bousso bound does depend on some®lt should be kept in mind that a TdS solution can have a spheri-
form of the positive energy conditidi22]. cal, hyperbolic or flatcosmological horizon geometry. This is con-

2The “BdBM bound” implies a specific definition for the mass trary to the Schwarzschild-dS case, which only permits a spherical
[23,24]. This definition can be viewed as an appropriate generalizahorizon geometry. It is this diversity in TdS horizon geometries that
tion of the Brown-York quasi-local enerd5]. prompted the topological nomenclature in analogy with R28].
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sible TdS/CFT duality29-31,4. For the most part, this du- typically break the conformal symmetry of a dual boundary
ality would appear to be preferential to its Schwarzschild-dSheory. That is to say, the holographic duality now under
counterparf, inasmuch as the CFT energy can only be posi-consideration can be viewed as a dS analoglé of the
tive in the TdS casf82,29. (Significantly, a negative energy domain wall—quantum field theoryQFT) correspondence
implies a non-unitary theoryln view of this desirable fea- [43,47,44.

ture, we argue that TdS solutions merit further investigation. ' "€ rémainder of this paper is organized as follows. In
: . Sec. I, we begin by introducing the relevant action and for-
and proceed on this basis.

. . . mulating the (n+ 2)-dimensiondlbulk solutions of interest:
Ultimately, one might hope that quantum gravity can begjatonic deformations of a topological de Sitter spacetime
used to deduce the validitior invalidity) of a field theory \yith a flat cosmological horizof26]. (We will subsequently
that is holographically dual to a TdS bulk. However, as it isrefer to these as “DTdS” solutionsWe will also (following
well known, a definitive theory of quantum gravity remains Ref. [26]) give a brief account of thermodynamic properties
currently out of reach. Even the most promising candidateand the associated quasi-local stress tehsor.
string theory, fails to provide a suitable description of dS In Sec. Ill, we consider @presumably dual, Euclidean
space[20]. Nevertheless, we propose that much can still beQFT that lives on an asymptotic boundary of the bulk space-
learned by subjecting th@onjectured TdS-CFT correspon- time. In particular, we obtain explicit expressions for the
dence to various holographic “consistency checks.” QFT stress tensor and thermodynamics by making appropri-

With the above proposal in mind, let us consider the in-ate identifications with properties of the DTdS bulk. A
triguing phenomena of holographic renormalization groupCardy-like form[50] for the QFT entropy is then verified.
(RG) flows. Significantly, RG flows are commonly believed This result can be viewed as a generalization of the Cardy-
to play a prominent role in any holographic bulk-boundaryVerlinde formula[51,52, as appropriate for a flat horizon
duality. (For instance, see Reff33-37,23.) More specifi- geometry[4.1].. Significantly to later analysis, we also iden-
cally, as any relevant parameter of a bulk spacetime evolvedfy the Casimir entrop)51] of the QFT.

a RG flow is expected to be induced in the dually related, 1€ focus of Sec. IV is on prospectivgeneralizegl C
boundary theory. This picture follows from the so-called lUnctions ina DTAS-QFT holographic framework. Here, we

ultraviolet-infrared correspondend@8,39, which implies consider a pair of prescriptions for the quantity of interest.

that bulk evolution towards the infrared translates into?rhe first is based on a formula that expressesQfienction

. . in terms of local bulk geometrySee, for instance, Refs.
boundary flow towards the ultraviolet anite versa ' . ’

What is particularly pertinent to the holographic-RG pic- [s:i%ri,i:rﬁe.zlt-{ge ngc;n%(fﬁlrllggf f;ﬁzo&i]pgg'ii t:leat;rhdeedCa-
ture is the existence of a generalizEdunction (in analogy nir- entropy y ) . 9 '
with RG flows in a two-dimensional CFT contefO]). quite I|terally,_as a Cardy-like “central _charge[SO] and,_
Moreover, thisC function should exhibit various monotonic- hence C-function[40]. Both of the prescribed forms are rig-

ity properties that are reflective of the underlying ultraviolet—OrOUSIy tested to see if they evolve monotonically with re-

infrared duality. In view of all this, an appropriate analysis of fsigﬁfet ?s\slﬁzwatlt?onrfslnvcglz\:zn;t?lzr?(;ngteer;%nitl;/;[re] ?hfae'(V\/trJ]l;ISStiI;
a prospectiveC-function should serve as a suitable “labora- P ' ’

tory” for testing the viability of any conjectured bulk- mdlsi?w(:x’llalvé?cl:s\t/hergsﬁj%sasummar and some further dis-
boundary correspondence. Just such an analysis, in a Tdcsussion Y VP y
context, will serve as the focal point of the current paper. '

If one sets out to “test” a prospectiv€ function, it 5 ATONIC DEFORMATIONS OF TdS SPACETIME
should be significantly more informative when non-trivial
matter fields are allowed in the bulk theoiBee, for in- In this section we will begin by formulating the bulk

stance, Ref[41].) For this reason, we will generalize our theory of interest; namely, a dilatonically deformed
considerations to a certain class of solutions that can b&opological—de Sitter”(DTdS) solution with a flat horizon
viewed as dilatonic deformations of a TdS geomd®$].  geometry[26]. Keep in mind that this “DTdS” solution de-
This new class can alternatively be viewed as domain walscribes a domain wall spacetime with a cosmologfbat no
solutions having dflat) cosmological horizon. In fact, these black holg horizon.

solutions are essentially analytic continuations of domain

wall-black hole spacetimes that effectively describe a trun- A. Domain wall action and solutions

cated theory of gauged supergravi2—45. To start off, let us consider an action that describes an

Before discussing the content of the paper, let us considgi + 2)-dimensional dilaton-gravity theory with a Liouville-
a pair of caveats. Firstly, it should be kept in mind that thejike potential. More specifically,

dilatonically deformed solutions are, in genenabt asymp-
totically de Sitter. Nonetheless, in the limit of a constant
dilaton field, aTdS SOlUtiOﬂNith flat .h(.Jrizon geometOyWIII 5Notab|y, the domain wall-QFT dualityassuming its validity
always be obtaine{26]. Secondly, it is worth emphasizing jnciudes the AdS-CFT correspondence as a very special case.
that the presence of bulk matten this case, the dilatorwill SFor further discussion on generalizing the Brown-York quasi-
local formalism[25], see Refs[48,24,49,23,2]
"The Cardy-Verlinde formula has already been generalized for a
“In Ref.[31], however, the author argues against TdS solutions irmultitude of holographic scenarios. Consult R¢&3,54 for a list
a dynamical-boundary scenario. of relevant citations.
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1 1 m
— n+2y [_ _ = 2 —ag, 2N
'=T6nc) 0 XV Q[R 5(9)"+ Ve e+ lgh, f(=br- 5 )
()
where

where M represents the manifold, G is the
(n+2)-dimensional Newton constant, and whé&fg and a B Ve 3%
are to be regarded as positive constants. Note that we have b= AN[N(n+2)—1]" (10
also included the Gibbons-Hawking surface terhgy,
which is necessary for a well-defined variational principle on m
the boundary of the manifolfb5]. This surface term takes = (11
the form V2nN(1-N)

1 It is now quite evident that the special case dE1 de-
IGHZQJ d”“x\/mlc, (2 scribes, with a suitable renormalizationrof a topologically
2 Jom flat Schwarzschild-AdS black hole.

) o WhenN<1, this class of solutions is no longer asymp-
where/C is the trace of the extrinsic curvature on the bo”nd‘totically AdS. However, one can still obtain a well-defined
ary (‘9M)-_ ) i . quasi-local stress tens$25], provided that an appropriate

Interestingly, the above actidt) is known to effectively  grface counterterm has first been added to the action
describe a truncated theory of gauged supergrdvigy43. [48,24,49,44 The conserved masg#l) can be directly cal-

Given this pedigreey, anda can be directly expressed in ¢ jated via this stress-energy tensor, and one fin8E
terms of V" and p, where N is the number of b-branes in

the originating theory44. nNV,m
A certain class of domain wall-black hole solutidmsth = 167G
Ricci-flat horizon$ has been found for this actiqd5]. The i

associated metric and dilaton can be expressed by way of thg,o 161, is the volume ofd> (i.e., the dimensionless vol-
following formalism:

ume of the domain wall Note that there is no vacuunm(
=0) contribution to the mass by virtue of the locally flat

(12

ds?=—f(r)dt?+fL(r)dr?+ R(r)%dx2, 3 solution spacég)]
Now let us suppose th&t,<0. In this case, the actidi)
. Ve 3¢or2N mri-nN can still be effectively viewed as the truncation of a gauged
(r)= NN[N(n+2)—1]128"2  \2nN(1—-N)’ supergravity theory46). Let us further assume that (or m)

(4) <0 and then, for the sake of convenience, redeffiye-
—V, and m— —m. The prior solution remains unchanged

(N except for the metric functiori(r), which should now be
R(r)= Nz (5  revised as follows:
B(1)= do+ V2nN(L—N)In(r). (6) f(r)=———br®. (13)

_In the above,$, and m are non-negative constants of por the special case 0f=1, the revised solution describes a
integration, dx, is the dimensionless line element of an tgpological de Sitter spacetinfe6] with a flat (cosmologi-
n-dimensional _R|c0|—ﬂat spageumg ahds some _Iength Pa-  cal) horizon geometry. For generdl (but satisfying Eq(8)),
rameter (ensuring correct dimensionaljtythat will subse-  this dilatonically deformed solution is no longer asymptoti-
quently be set to unity(Note thatm=0 corresponds to a cally dS, but it does, in fact, still possess a cosmological
purely domain wall spacetimeFurthermore, the parameter pgrizon. Denoting the horizon location by=r ., we have

N has been defined in accordance with

B 2nN(1—n) 7
a=\—N (7)
It should be kept in mind that, for any allowed the cos-

In view of Eq. (4), the following bound should be imposed mological horizon encloses a naked singularity.
on N: Ultimately, in the subsequent analysis, we are interested
in the region of spacetime outside of the cosmological hori-
(n+2) " '<N=<1. (8) zon(i.e., r>r.) and, thus, appropriately shielded from the
naked singularity.(In particular, our interest is in the
For later convenience, let us rewrite E4) in the follow-  asymptotic limit ofr —oo; that is, future spacelike infinity or
ing form: Z, [20].) The coordinates andt change their character in

ARIEERRY
rc:{ b} (14
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crossing over the horizoffrom spacelike to timelike and Generally speaking, one can apply the quasi-local stress
vice versa, and so, for illustrative purposes, we will relabel tensor to calculate a conserved charge that is associated with
these ag —7 andt—p. Given thatr=7.=r., the DTdS a global symmetry of the spacetime. However, even in the
metric (3),(13) takes on the following suggestive form: absence of a globally timelike Killing vector, it has been
o 5 5 21 2 shown that the conserved mass of an asymptotically dS
ds’=—f"Y(ndr’+f(7)dp+R(7)%dx;, (15 spacetime is still within calculational rea¢g3]. (What is
~ actually required is a process of analytic continuajidrne

f(r)=br2N— ~0 (16) authors of Ref[26] further generalized this prescription to a
AN-1 DTdS spacetime and found the following:
For future reference, we also present the geometry ofnan ( M=V, YA n)T,, (22)
+1)-dimensional spacelike boundasyM:®
dssz hapdX2dxP=f (7)dp2+ R( r)zdxﬁ _ (17) for the conserved mass.

Substituting Eq.(21) into the above relation and taking

Note that for any specific boundaryi,is fixed at some value the asymptotic limit, we find the anticipated res#6]:

greater tharr .

N -
ImM=——=Y,m. (23
B. Thermodynamics and stress tensor T—00 &

The associated thermodynamics of any cosmological ho- _ _ _
rizon can be obtained via standard identificatif5]. For a  Fortunately, this outcome agrees with the priorly quoted re-
DTS solution, in particular, the horizon temperature andsult (12) and, thus, with the first law of DTdS horizon ther-

entropy are, respectively, calculated as follows: modynamics.
1 df b[N(n+2)—-1] ,\_,
Ty=- A dr :Trc , (18 Ill. EUCLIDEAN QFTs ON THE BOUNDARY
r=r
¢ It has been suggested that the AdS-CFT correspondence

“area” Vnr'c‘N [15-17 is really just a special case of a more general holo-

Sy= = : (19 hic duality; ly, the domain wall— -
4G 4G graphic duality; namely, the domain wall-QFT correspon

dence[43,47,44. By way of analogy, one might argue that

With the above thermodynamic identities, it can readilythe dS-CFT correspondenge4] is also a special case of a
be shown that the first law of horizon thermodynamics,more encompassing duality. That is to say, there may exist a
dM=T,dS,, is uniquely satisfiedup to the usual constant dual relationship between certain domain wall spacetimes
for M as given by Eq(12). However, it is still instructive to ~ and Euclidean QFT$46,26|. Although somewhat specula-
deriveM on a more fundamental level; namely, as the confive, we will adopt this viewpoint for the duration of the
served charge associated with time translation. Notably, sudP@per.

a calculation has already been detailed for the model of cur-
rent interes{26], so here we will simply quote the pertinent A. QFT geometry and stress tensor

results. ) ] o . )
Following a generalized Brown-York treatmeri5] With the above discussion in mind, let us now consider a

(which necessitates that an appropriate surface counterteritclidean QFT that lives on an asymptotic boundary of a
be added to the actiof24,49,23,27 so as to cancel off any DTdS bulk spacetime. Presumatilyr perhaps naively the

infrared divergencet8]), the authors of Ref26] identified  Pulk and boundary theories should be dually related in a
holographic sense. Keep in mind that, for the very special

(2N—1)m7~ ("N case ofN=1, the(TdS) bulk theory is asymptotically dS, the
Tij=— &jj i , (200 boundary theory is a conformal one, and a holographic du-
16w Gbz ality appears to be in eviden¢29—31,2.
_ As is typically the case in holographic bulk-boundary du-
_ nNmpZ7~ ("N alities, the metric of the QFT in question will be fixed, up to
Top= 167G (1) a conformal factor, as the metric on an asymptotic boundary

of the bulk spacetime. By analogy with R§52], we invoke
as the leading-ordeiin 7~ ) components of the quasi-local dsé — o dxedx®
stress tensor. Keep in mind that our specific interest is in the FT™ Yab

regime of asymptotically large.
1

_TITZOTZNdeZ
8Note that Greek indices will imply coordinates of the
(n+2)-dimensional manifold and Roman indices will imply o 142
boundary coordinates. =dp+b~Tdx;, (24)
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whereds? (in the second lingis the metric defined by Egs. perspective, the bulk energy and temperatheving units of

(15),(16). Let us reemphasize that all current and/or futureinverse time should be “red shifted” by a factor ofA

considerations are restricted to the region outside of the cos=[b2R] 1.

mological horizon(i.e., 7= 7). In accordance with the above discussion, the QFT ther-
We can calculate the stress tens@ of the QFT by  modynamics can be identified as follow:

way of the following relatior{ 57]:

: nNV,m
VyyPToe= lim Vb T, (25) Eqrr=AM= ——
o® 16mGb'?R
where T,, is the quasi-local stress tensor of E¢20),(21) NNV b2
and the boundary metrity,,,, is defined by Eq(17). = —”TCN(ZM)*l, (31
Utilizing the above relation, we are able to deduce 167GR
(2N—1)mb("~2)2 bYIN(n+2)—1] ,. ;
Zij= =9 167G ’ 26 Torr=ATy= 47R O 32
nNmb"? Vo
Tor= 167G @7 SoFr=Si=3G"c - (33

It is interesting to note that the trace of the stress tensof, hare we have incorporated Eq44),(18),(19),(23). It can
7=T,, only vanishes in the special caselo 1. Reassur-  eaqily be verified that these relations satisfy the first law of
ingly, this special case describes an asymptotically dS spacgyrr thermodynamics; that i Eqrr=Torrd Sorr. We also
time, and so the corresponding QFT should, indeed, be gye note ofE =0, which is indicative of a topological

conformal theory. Of further interest, the above results implyds, rather than a Schwarzschild dS, holographic framework

the following equation of state for the QRWith ¢ andp, [32,29.

respectively, denoting energy density and pressure In general and regardless of dimensionality, the entropy of
75 any horizon and, by duality, the entropy of its holographic

P h— boundary theory should be expressible in a Cardy-like form

€ 7, [58,59. That is to say, one might expeld&o]

2N—-1
- 27 [c c
: 28 =27
nN 28 S T Vs Lo— 24/’ (34)

where we have assumed a perfect-fluid description. As ex- . o

pected, this equation reducesdo=1/n (i.e., radiative mat- whereL,=REqrr and the “central charge,t, is directly

ter) when theN=1 conformal theory is realized. proportional to the Casimiii.e., sub-extensiyesnergy of the
boundary theory51]. However, given a bulk theory with a

flat horizon geometrywhich implies a vanishing Casimir

energy, the associated QFT can be expected to conform with
Let us now consider the thermodynamic properties of thighe following version 41,54

QFT and subsequently determine if they can accommodate a

Cardy-Verlinde-like entropic forn{50,51]. As is the usual 27 [eL,
“n V6

practice, we first rescale the QFT metric so that the associ- SQFT—7

B. QFT thermodynamics

(39
ated boundary is located at a fixed “radial distanc®;

from the origin? This necessitates the following conformal . o .
transformation: As a consequence of this formis, in principle, proportional

to an appropriately defined Casimir entrd®] (which, un-
dséFT_, szdséFT: bR 2dp?+ R 2dx2. (29) like the Casimir energy, remains finite and positive, regard-
less of the horizon geometfy1,60).
However, we have not yet realized the desired form; that is We find that the above thermodynamic relations do indeed
satisfy Eq.(35) (with L,=REqg7), as long as

dshpr=dp?+ R 2dx] . (30)
Evidently, the Euclidean time coordinate should be further c= 3NV Nn=-2)+1 (36)
rescaled such thgi—bY?Rp. It follows that, from a QFT 2wGNb2 "¢

9strictly speakingR represents temporal evolution when outside 'Note that the entropy is universally unaffected by any such co-
of the cosmological horizon. ordinate rescaling17].
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The expected relation between the Casimir entrofy) ( The DTdS bulk metric of Eq(15) can be cast into the
and the generalized central chargeSs= wc/6n (for in-  above templat¢38) by way of the following identifications:
stance[41]). On this basis

1

dz= ——dr, (40)

Se= Vi FN(=2)+1 37) Vi(7)

4GNbBY?" ¢

Vi(7)
. . . . . Y= 5o P (41)

It is hard to confirm the validity of this result, insofar as we R(7)

are unable to calculate the Casimir entropy by more direct

means(This is contrary to the usual scenario for a spherical A(z)=A(7)=In[R(7)]=NIn(7). (42

horizon: the Casimir entropy is directly proportional to the

Casimir energy, which represents a violation in the Eule

identity [51].) Nonetheless, it is quite reassuring tigat (as ) ) : -

defined abovereduces to its anticipated form in the special Py first assuming that the effective mass parameter,is

N=1 cas€30]. much smaller than the other relevant scal¢fowever,m

should remain a non-vanishing quantity, so that a cosmologi-

cal horizon is still in existencg.lt is significant that, with

this assumptionf (7) ~b 72N becomes a valid approximation
With inspiration from the ultraviolet-infrared correspon- [cf. Eq. (16)].

dence[38,39, it is commonly believed that evolution of a Applying the pertinent approximation to E@L0), we ob-

bulk spacetime will give rise to some form of RG flow in its tain the following useful relation:

holographically related boundary theoffpr instance [33—

37,23). Moreover, there should exist some generalifzd TN

function (in analogy with two-dimensional RG flowg}0]) dz%md“ (43)

that exhibits appropriate monotonicity properties as the state

of the system varies. On the basis of such arguments, the terms of the above formalism, the prescrib@dunction

existence(or lack thereof of a suitableC function should  (39) now yields

serve as an appropriate litmus test for a conjectured bulk-

boundary duality. This philosophy, in a DTdS/QFT context, AN

will serve as the premise for the analysis that follows. C~ GTbn,z
Given a bulk spacetime and its dually related boundary

theory, there are two commonly used prescriptions for thg; s immediately clear tha€ increases monotonically with
generalizedC function. We will examine both of these in increasing “radial distance’ (recalling thatN<1). Hence,

turn. we have confirmed the anticipated ultraviolet-infrared dual-
ity [38,39. That is, the infraredlarge 7) limit of the bulk
A. Bulk-geometrical prescription theory corresponds to the ultravioldarge C) limit of the

Firstly, let us consider any bulk(n+2)-dimensiongl ~QFT andvice versa

spacetime for which the metric can be expressed in the fol- nterestingly, we see thal becomes a constafwith re-
lowing domain wall-like form: spect to variations i) whenN=1. That is, the constant-

dilaton (Td9) theory translates to a conformal fixed point of
ds?=—dZ2+e*@A[dy?+ dx3]. (38  the holographic RG flow. Clearly, thid=1 fixed point is an
infrared one.

In this case, one expects the existence of a generalized It should also be instructive to examine the behavior of

function that is based on local bulk geometry and can bdhe C function under variations itN. Significantly, changes
represented as follow@or instance[34,35):! in N reflect variations in the matter content of the theory. To

put it another way, a®l monotonically decreases below its
conformal value of 1, the bulk scalar fields are effectively
~ ; (39) being “turned on”[cf. Eq. (6)]. In fact, simple analysis tells
G[A'(2)]" us that the dilaton field will continue to “grow” untilN
=1/2 has been reached. Thus, one might expeetl/2 to
Note that a prime now indicates differentiation with respectrepresent a fixed point in the associated RG fl(@learly,
toz the conformal valueN=1, serves as the other fixed pojnt.
We will provide further support for this claim in the latter
part of this section.

YA very recent papef11] considered a revised form for thd To proceed along the suggested line, it is necessary to
function, which apparently has a wider range of applicability. How-reexpress Eq(44) so that allN dependence is explicit. We
ever, in the case of a flat horizon geometag is relevant to the can accomplish this task by substituting for b(N) via EQ.
current study, this newer formulation reduces to E@9). (10). This process yields

IAs it stands, such a calculation &f would not be particu-
larly enlightening. Nevertheless, we can still viably proceed

IV. GENERALIZED C FUNCTIONS

(44)
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n/2

: (49)

7_n(l—N)

G

nN(n+2)—n
NV,

C~

where we have saep,=0 for the sake of convenience.

Given thatC is strictly a positive quantity, it is just as
informative (and substantially easijeto consider variations
in In(C). Hence, it is useful to write

IN(C)=n(1—N)In(7)+ gln[N(n+2)—1]

n
— EIn(N)Jr const. (46)
Varying this expression with respect iy we have
9In(C) _ | n N(n+2)—-1]"1 4
N =N FogIN(+2) -1 (47

The above result indicates that, for sufficiently large val-

ues of 7, C is a monotonically decreasing function bE
Furthermore, since 1 is an upper boundMyrthe conformal
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v nN/2(2N-1)
C=-1
4G

n

N(n+ 2) -1 [N(4—n)—2]/2(2N—-1)

N

><[477_R-|—][N(n72)+1]/(2N71)_ (49)
Note that¢, has again been set to vanish and the subscript
“QFT” has been dropped from the temperature.

As discussed before, it is both convenient and sufficient to
consider the logarithm of. Up to some irrelevant constant
terms, we find the following:

B nN (Vo)
In(C)— - m'ﬂ F

N(4—n)—2 [N(n+2)—1
2(2N—1) N

N(n—2)+1

N1 IN4mRT). (50)

Let us first consider varying IQ) with respect to the bound-
ary radius R):

theory can be identified as the infrared fixed point with re-
spect to bulk-matter evolution. Given that the=1 limit
corresponds to an essentially matter-free theory, this identi-
fication seems pleasantly intuitive. At this juncture, however,
the ultraviolet fixed point seems somewhat less clear.
Before proceeding on to the next phase of the analysis, |
us comment on the condition of “sufficiently large” This
constraint can be viewed as a manifestation of a certain as-
pect of the DTAS-QFT framework. In particular, any external
observer will be unable to access information from behind
the cosmological horizon and the duality must, therefore,
naturally break down when< 7.. To put it another wayr,  That is, the ultraviolet-infrared connection h@sice again
can be viewed as a necessary ultraviolet cutoff for the DTd$een verified. Some commentary on the assumed conditions

Raln(C) :N(n—2)+1

IR 2N—-1 (6D

I{ we assume thati) n=2—(1/N) and (i) N>3, then the
G%ollowing bound can be established:

aln(C)>o
R~

(52

bulk or (by duality[38,39) an infrared cutoff for the QFT.

B. Casimir-entropic prescription

Alternatively, given a holographic boundary theory, the

is, however, still in order.

Condition(i) simply limits considerations to a bulk theory
of dimensionality three or greater, which obviously covers all
physically relevant dimensionalities.

Condition (ii) is more difficult to interpret, given that,

Casimir entropy ) has also been interpreted as a generalstrictly speakingN can take on values as low as{2)~*
ized C function. (With considerable success; see, for in-[cf. Eg. (8)]. Nonetheless, it is also of relevance that any

stance, Refs[41,61].) This interpretation ofS; follows di-
rectly from its role as an effective central chaf@®,40 in
the Cardy-Verlinde formulg51]. Recalling Sec. lll, we have
already identified the Casimir entrog®7) for the QFT of
interest. On this basis, let us now consider

Vn N(n-2)+1

AGNDbY2 © “9

C=Sc=

Considering our “game plan,” thi€ function can most con-
veniently be expressed as an explicit functiomgg+ andN.
Applying Eq.(10) for b=b(N) and Eq.(32) for the tempera-
ture, we eventually obtain the following expression:

value of N below 3 translates into a QFT with a negative
pressure; cf. Eq(28). Interestingly, it has been argued that
the domain wall-QFT correspondence will break down for
these types of negative-pressure stdteg45. (This argu-
ment follows from an observation that gravity fails to de-
couple from the QFT when the pressure falls below 2dro.
view of this consideration=1/2 seems to be quite a natu-
ral constraint. Furthermore, this lower boundsupports a
prior hypothesis; namely, thal=1/2 is the most suitable
candidate for an ultraviolet fixed point. To reiterate, this hy-
pothesis is based on the observance thaly decreases be-
low 1, the dilaton will grow untilN=1/2 has been reached.
Next, let us consider how the function evolves when the
temperature is varied. It is clear th@thas the same func-
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tional dependence on as it has oriR. Hence, imposing the having the distinction of a singularity enclosed by a cosmo-

same justifiable constraints as before, we have logical horizon. Any of these bulk solutions can be inter-
preted as a dilatonic deformation of a topological de Sitter

dIn(C) -0 (53) spacetime[26]. That is to say, in the limit of a constant
oaT dilaton field, the once-deformed model will describe an as-

) ) ) ) ymptotically de Sitter solution with a cosmological singular-
That s, the C function evolves monotonically with respect tojty As discussed in Sec. I, such a singularity may not be a
temperature and, moreover, the QFT flows towards the Ultr"’barticularly critical issue from the perspective of an

violet as temperature increases. This outcome agrees with ﬂ?fsymptotic boundary observée7]. Also of note, any of
usual expectation that thermal excitations will induce addiy,oqe deformed “DTdS” solutions can be analy’tically con-

tional degrees of freedom. tinued into a domain wall spacetime that effectively de-

Finally, let us consider variations in th@ function with : :
’ N . scribes a truncated theory of gauged supergrdvig-44.
respect to the paramethir keeping in mind that a decreasing The initial phase of the analysis entailed strictly bulk con-

N translates int_o e>§citations of the bulk scalar. By way of Eq'siderations. We began here by introducing the relevant
(50), the following is found: (arbitrary-dimensional action, which describes gravity

| coupled to a dilaton field with a Liouville-like potential. For
9 n(C): _ IN(47RT)— lln N(n+2)—1 this action, a certain class of domain wall-black hole solu-
2 . .. N
dN (2N-1) 2 nNv,* tions are knowrn(45], whereby a trivial redefinition of the

potential leads to a DTAS solution space. We also discussed
the thermodynamics and quasi-local stress terigéf of
these bulk solutionéwhich were first analyzed in Ref26]).
Most significantly, the conserved mass is precisely that
It is evident that, for both “sufficiently large” values of tem- which satisfies the first law of cosmological horizon thermo-
perature andN=3, the following relation will always be dynamics.
satisfied: In the second phase of the analysis, we considered a Eu-
clidean quantum field theory that lives on an asymptotic
boundary of the DTdS bulk spacetime. It was argued that the
bulk and boundary theories could well have a dual relation-
ship[46] in analogy with the domain wall-QFT correspon-
Hence, under suitable condition§,is a monotonically in- dence[43,47,44. Utilizing standard holographic relations
creasing function abl decreases. This result agrees with our[57,51,53, we were able to identify the stress tensor and
previous finding; thus reconfirming the intuitive notion of thermodynamic properties of this QFT. It was then shown
bulk matter fields inducing a flow to the ultraviolet. that the QFT entropy satisfies a generalized form of the
Let us now comment on the most recently imposed conCardy-Verlinde formuld50,51. Notably, this generalization
ditions. N=3 is just the previously discussed positive- can be viewed as the appropriate one for a flat horizon ge-
pressure constraint, whereas the condition of large temperametry [41,54]. On the basis of this formulation, we also
ture can be justified by virtue of the following argument. Theidentified the Casimir(i.e., sub-extensiyeentropy of the
Cardy-Verlinde formula, upon which this definition 6fhas  QFT.
been based, only has validity in a regime of large tempera- The final phase of the analysis focused on generakzed
ture[51]. In fact, a breakdown can be expected in the Cardyfunctions. In this regard, we studied two commonly used

N(n—4)+2

—m[N(n‘FZ)—l]_l. (54)

dIn(C) _

TN =0 (55)

Verlinde formalism wherRT>1 is no longer satisfiefb2— prescriptions{i) a formula that express&sin terms of local
64]. It is clear that the same limitation can be deduced frombulk geometry(for instance[34,35]) and (ii) an identifica-
our findings. tion betweenC and a QFT-induced Casimir entroffpr in-

As an aside, it would be interesting to determine if there isstance[41,61]). After formulating the appropriate expres-
some finite temperature at which E§5) does indeed begin sions, we tested these prescriptions by varying each ofthe
to fail. Significantly, this special value of temperature couldfunctions with respect to relevant parameters. For both ver-
be interpreted as the analogue of the Hawking-Pagsions, the ultraviolet-infrared corresponderi@8,39 was
(Schwarzschild-AdBphase transitiofi65]. However, it ap- clearly establishedThat is,C increases monotonically with
pears that such a determination would require a complicatetespect to an increasing boundary radikairthermore, after
numerical analysis. imposing a few justifiable conditions, we were able to show

To briefly summarize, we have demonstrated that bothhat C increases monotonically with respect to both increas-
definitions of the generalized function (39), (48) satisfy the  ing temperature and decreasiNgthe latter being a param-
monotonicity properties that would be expected for a bulketer of the bulk theory? Both of these outcomes agree with
spacetime with a QFT dual. prior expectations, given that thermal excitations should ac-

V. CONCLUDING DISCUSSION
12For the sake of accuracy, let us note that the temperature corre-

In summary, we have been investigating the holographigpondence was only verified with the second prescription, whereas
properties of a special class of domain wall solutions: thosehe N correspondence was verified for both.
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tivate degrees of freedom and a decreasH ran be corre- in any way verify the legitimacy of topological de Sitter

lated with the activation of bulk matter fields. solutions(i.e., asymptotically dS solutions with a cosmologi-
Also of interest, a pair of fixed points was identified for cal singularity. Rather, we view these positive outcomes as

the implied renormalization group flows. In particular, the an argument that such solutions should not be disregaaded

conformal(or constant dilatoncase ofN=1 corresponds to priori. Let us remind the reader that an asymptotic boundary

an infrared fixed point, whilé&l=1/2 describes an ultraviolet observer would be causally inhibited from accessing any in-

fixed point. The significance of the ultraviolet limit is that it formation from behind the TdS cosmological horizon, in-

describes a boundary theory with vanishing pressure; atluding information about the naked singularig7]. Hence,

which point a breakdown can be expected in theospec- the potential legitimacy of TdS solutions seems to depend on

tive) DTdS-QFT duality{44,45. what constitutes the “fundamental” theory; the bulk or the
In conclusion, the results of our analysis are definitely inboundary. It appears that this issue necessitates further inves-

support of a DTdS-QFT an¢thence TdS-CFT correspon- tigation.

dence. Further support for the latter duality has come in prior

s';udles.; most nota_ply, it has been observeq that a TdS bulk ACKNOWLEDGMENTS

gives rise to a positive-energy CFZ9,2| (in direct contrast

to the more conventional Schwarzschild-dS bulk scenario The author would like to thank V.P. Frolov for helpful
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